An estimate on the number of distinct relative periodic orbits around a stable relative equilibrium in a Hamiltonian system with continuous symmetry is given. This estimate is very precise in the sense that it provides a lower bound for this number at each prescribed energy and momentum values neighboring the stable relative equilibrium and with any prefixed isotropy subgroup. Moreover, it is easily computable in particular examples.
Introduction
The search for periodic orbits around non hyperbolic equilibria of a Hamiltonian system has traditionally been one of the main topics in classical mechanics. The best known results in this direction are due to Liapounov [Lia07] and Horn [Ho03] , who solved the non resonant case. The general case was solved only in 1973 by A. Weinstein who proved the following theorem [W73] : Further extensions of this result due to J. Moser [M76] justify why this theorem is usually referred to as the Weinstein-Moser Theorem. Bartsch [Ba97] has studied periodic orbits on the zero level set of the Hamiltonian in Moser's generalized version of the theorem.
In this paper we will be interested in Hamiltonian systems endowed with a continuous symmetry. More specifically, Hamiltonian systems of the form (M, ω, G, J : M → g * , h : M → R), where G is a Lie group, with Lie algebra g, acting properly and canonically on the smooth symplectic manifold (M, ω), that encodes the symmetries of the system. We will assume that the G-action admits an equivariant momentum map J : M → g * , where g * denotes the dual space of g, and that the Hamiltonian function h is G-invariant.
The Weinstein-Moser Theorem was adapted to this category by Montaldi et al [MRS88] and, even though they worked in the symmetric framework, their paper still dealt with the search of periodic orbits near elliptic equilibria (see also [OR00a] for further precisions on this result). However, in the presence of a continuous symmetry, the critical elements that generalize equilibria and periodic orbits to this category are the so-called relative equilibria (RE) and relative periodic orbits (RPOs). Recall that a relative equilibrium of the G-invariant Hamiltonian h is a point m ∈ M such that the integral curve m(t) of the Hamiltonian vector field X h starting at m equals exp(tξ) · m for some ξ ∈ g, where exp : g → G is the exponential map; any such ξ is called a velocity of the relative equilibrium. Note that if m has a non-trivial isotropy subgroup, ξ is not uniquely determined. The point m ∈ M is said to be a relative periodic orbit of the G-invariant Hamiltonian h if there is a τ > 0 and an element g ∈ G such that F t+τ (m) = g · F t (m) for any t ∈ R, where F t is the flow of the Hamiltonian vector field X h . The constant τ > 0 is called the relative period of m and the group element g ∈ G its phase shift.
The search for relative equilibria around stable relative equilibria has been the object of [OR00a] . The simplest and most straightforward generalization of the Weinstein-Moser Theorem to the symmetric context is obtained by using symplectic reduction [MW74] . If the point m ∈ M is such that J(m) = µ is a regular value of the momentum map J and the coadjoint isotropy subgroup G µ of µ ∈ g * acts freely and properly on the level set J −1 (µ), then the quotient manifold J −1 (µ)/G µ is a symplectic manifold and the dynamics of any Ginvariant Hamiltonian on M drops naturally to Hamiltonian dynamics on the reduced manifold J −1 (µ)/G µ . Moreover, REa and RPOs in M coincide with equilibria and periodic orbits in the reduced space, respectively. Therefore, if m is a RE such that the Hessian of the reduced Hamiltonian at the reduced equilibrium satisfies the hypothesis of the Weinstein-Moser Theorem, then there are at least 1 2 dim(J −1 (µ)/G µ ) geometrically distinct periodic orbits on each energy level in this reduced space, that lift to as many geometrically distinct RPOs in M . We emphasize that when in the symmetric context we will talk about geometrically distinct objects we will mean that one cannot be obtained from the other by using the group action.
One limitation of this method is that it only allows us to prove the existence of RPOs with the same momentum as the stable relative equilibrium whose existence we use as hypothesis. Additionally, if the regularity assumption on the point m is dropped in the previous paragraph, the reduced space J −1 (µ)/G µ is not a manifold anymore but a Poisson variety in the sense of [ACG91, OR98] , whose symplectic leaves are the singular reduced spaces introduced by Sjamaar, Lerman, and Bates in [SL91, BL97] . See also [O98, OR00] . In principle, the procedure described in the previous paragraph can still be carried out taking, instead of the entire reduced space, the smooth symplectic stratum that contains the reduced equilibrium. The main inconvenience of this approach is the loss of information that the restriction to the stratum implies. In particular, the stratum could reduce to a point, in which case the result would be empty of content. However, any attempt to leave the stratum that contains the reduced equilibrium in the search for periodic orbits, will automatically bring in its wake the abandonment of the Weinstein-Moser Theorem as the main tool guaranteeing the existence of the periodic orbits nearby, since, generically, these strata do not contain critical points of the reduced Hamiltonian. These difficulties have been partially overcome by Lerman and Tokieda [LT99] and by Lerman [L99] . The second work, that constitutes an improvement of the first one, uses the geometry of the reduced space to prove the existence of RPOs around a given stable RE, but only in the closed strata of the reduced space corresponding to the same level set of the momentum map in which the RE lies. In our work we will abandon the reduction theoretical approach and take a more analytical one which will give us a result free from the restrictions in [L99] and provide an estimate easier to compute when we move in overlapping situations. This estimate is very precise in the sense that it provides a lower bound for the number of RPOs at each prescribed energy and momentum values neighboring the stable RE, and with any prefixed isotropy subgroup.
The paper is organized as follows:
• In Section 2 we introduce some preliminary material with the purpose of fixing the notation and of future reference. The expert can skip this section.
• In Section 3 we present the main result that provides an estimate on the number of RPOs surrounding a given stable symmetric equilibrium at each prescribed energy and momentum values neighboring the equilibrium, and with any prefixed isotropy subgroup.
• In Section 4 we use the main result in the previous section and the so called reconstruction equations in order to generalize it to an estimate on the number of RPOs around a genuine stable RE.
Preliminaries
Throughout the paper we will work in the category of symmetric Hamiltonian spaces whose objects are Hamiltonian systems with symmetry (M, ω, G, J : M → g * , h : M → R) and whose arrows are smooth equivariant symplectic maps. Here (M, ω) is a symplectic manifold on which the Lie group G, with Lie algebra g, acts properly, canonically, and, moreover, in a globally Hamiltonian fashion, that is, it admits an equivariant momentum map J : M → g * , where g * is the dual space of g. The Hamiltonian function h is always assumed to be G-invariant.
Proper actions, fixed point sets, and normalizers.
The proofs of the facts stated below can be found in [Bre72, Kaw91, Pal61] . The isotropy subgroups associated to a proper action are always compact. Let H be a closed subgroup of G. The connected components of the sets If the symplectic manifold in question is a symplectic vector space (V, ω) that constitutes a symplectic representation space of G then, the H-fixed point space V H is a symplectic vector subspace of V . Recall that any symplectic representation is globally Hamiltonian with an equivariant momentum map J : V → g * associated given by
The symbol ξ·v denotes the infinitesimal generator at v associated to ξ ∈ g, and ·, · the natural pairing between the Lie algebra g and its dual. Let now N (H) = {n ∈ G | nHn −1 = H} be the normalizer of H in G. The globally Hamiltonian G-action on V induces globally Hamiltonian actions of L := N (H)/H on V H and V H . Moreover, the L-action on V H is free. The momentum maps J L H : V H → l * and J L H : V H → l * associated to these actions are given by
where Ξ * : (h • ) H → l * is the natural N (H)/H-equivariant isomorphism (see [O98, OR00] for the details) between the H-fixed points in the annihilator of h in g * and the dual of the Lie algebra l * of N (H)/H.
The resonance space and normal form reduction
Let (V, ω) be a symplectic vector space. It is easy to show that there is a bijection between linear Hamiltonian vector fields on (V, ω) and quadratic forms on V . Indeed, if A : V → V is an infinitesimally symplectic linear map, that is, a linear Hamiltonian vector field on (V, ω), its corresponding Hamiltonian function is given by
In this paper we will be only interested in definite quadratic forms. In that particular case, a theorem of Krein [Kr50, M58] guarantees that the associated linear Hamiltonian vector field A is semisimple (complex diagonalizable) and that all its eigenvalues lie on the imaginary axis. Let iν • be one of these eigenvalues and
The resonance space U ν• has the following properties (see [Wil36, GoS87, VvdM95] ):
(i) U ν• is equal to the direct sum of the real generalized eigenspaces of A corresponding to eigenvalues of the form ±ikν • , with k ∈ N * .
(ii) The pair (U ν• , ω| Uν • ) is a symplectic subspace of (V, ω). 
and h λ is a G × S 1 -invariant function that coincides with h λ up to order k + 1. The interest of normalization is given by the fact that one can prove [VvdM95, Theorem 3.2] that if we stay close enough to zero in U ν• and to λ • ∈ Λ, then the S 1 -relative equilibria of the G × S 1 -invariant Hamiltonian h λ are mapped by ψ(·, λ) to the set of periodic solutions of (V, ω, h λ ) in a neighborhood of 0 ∈ V with periods close to T ν• . Hence, in our future discussion we will substitute the problem of searching periodic orbits for (V, ω, h λ ) by that of searching the S 1 -relative equilibria of the G×S 1 -invariant family of Hamiltonian systems (U ν• , ω| Uν • , h λ ), that will be referred to as the equivalent system. Note that the properties of ψ imply that
Hamiltonian relative equilibria and relative periodic orbits
A point m ∈ M is a relative equilibrium of the Hamiltonian system with symmetry (M, ω, h, G, J), with velocity ξ ∈ g, iff m is a critical point of the augmented Hamiltonian h ξ := h − J ξ , where J ξ := J, ξ . A similar characterization for RPOs that also uses the momentum map is given in the following elementary result.
Proposition 2.1 Let (M, ω, h) be a Hamiltonian system with a globally Hamiltonian symmetry given by the canonical action of the Lie group G on M , with associated momentum map
has a periodic point m ∈ M with period τ , then the point m is a RPP of X h with relative period τ and phase shift exp τ ξ.
Proof Let F t be the flow of the Hamiltonian vector field X h and
where the bracket {·, ·} denotes the Poisson bracket associated to the symplectic form ω. Due to this equality, we can write (see for instance [AMR99, Corollary 4.1.27]) the following expression for G t , the flow of X h−J ξ :
Since by hypothesis the point m is periodic for G t with period τ , we have that
or, equivalently,
as required.
Results on critical point theory of functions on compact manifolds
The following two results are slight generalizations of those presented in [W77] for circle actions.
The additional hypotheses that we will introduce in our statements will make the original proofs work with straightforward modifications.
In the previous statement, the symbol Cat denotes the Lusternik-Schnirelman category of the quotient compact topological space M/G (the action of G on M does not need to be free and, consequently, the quotient M/G is not in general a manifold). Recall that the Lusternik-Schnirelman category of a compact topological space M is the minimal number of closed contractible sets needed to cover M . 
The proof of the following elementary fact can be found in [Sch69] . 
Lagrange multipliers
The use of Lagrange multipliers will be crucial in the proving techniques that we will use. The version of this result that we present in the following proposition can be found as Corollary 3.5.29 in [AMR99] .
Proposition 2.5 Let M be a smooth manifold, F be a Banach space, g : M → F be a smooth submersion, f ∈ C ∞ (R), and N = g −1 (0). The point n ∈ N is a critical point of the restriction f | N iff there exists λ ∈ F * , called a Lagrange multiplier, such that n is a critical point of f − λ • g.
The main result
The main goal of this section is proving the following theorem: 
distinct relative periodic orbits of X h with energy ǫ, momentum µ ∈ g * , isotropy subgroup H, and relative period close to
Remark 3.2 Note that in the absence of symmetries and for non trivial manifolds, that is G = {e} and dim V > 0, the main estimate (3.1) reduces to
which coincides with the conclusions of Moser's version [M76] of Theorem 1.1.
Remark 3.3 About the sharpness of the estimate (3.1) As we will see in the course of the proof, the estimate (3.1) has been obtained by bounding below the number of critical points of a (
, where λ = Ξ * H (µ) ∈ l * and µ ∈ B(ǫ, H). The strategy for finding this bound will consist of first using Proposition 2.2, to conclude that any such function has at least
critical points, followed by Proposition 2.3 that will give us the estimate (3.1) by bounding below (3.2).
The main feature of (3.1) is that it does not involve any dynamics, that is, neither the Hamiltonian h nor any of its byproducts are present in it. The kinematical setup of the problem, in our case given by the symplectic representation of G on V , fully determine the number of RPOs that can be expected around a stable symmetric equilibrium, induced by ANY Hamiltonian system that satisfies the hypothesis of the Theorem.
This dynamical independence, that was already present in the non symmetric result of Weinstein and Moser, has a price in terms of sharpness, that is, at none of the bounding stages, carried out by using Propositions 2.2 and 2.3, the sharpness of the inequalities is guaranteed. If this feature is what interests the reader the most, and not dynamical independence, it seems to be more optimal to study, in a case by case basis, the orbifold J
In some particular cases a Morse theoretical approach on this object, rather that an algebraic topological one, could give better results.
Remark 3.4 The construction of the neighborhood B(ǫ, H) in Theorem 3.1 guarantees that for any µ ∈ B(ǫ, H)
which justifies the figure 1 in (3.1). Notice that if the orbifold J
contains more than one point, the main estimate (3.1) can be replaced by
.
Remark 3.5 Despite the one half in front of the estimate (3.1) we always obtain an integer out of it since U H ν• is a symplectic vector subspace of the symplectic vector space U ν• , and the coadjoint orbit (N (H)/H) · Ξ * H (µ) is also a symplectic manifold of even dimension
is necessarily also an even number.
Remark 3.6 As we will see in the next section, the fact that Theorem 3.1 is formulated for symplectic vector spaces and not for symplectic manifolds, implies no loss of generality, given the local nature of its conclusions.
Remark 3.7 The procedure used in the proof of the theorem guarantees that the neighborhood B(ǫ, H) can be chosen so that all the relative periodic orbits predicted by (3.1) are not relative equilibria. The reader interested in the technology for searching relative equilibria in the hypotheses of Theorem 3.1, or even weaker, can check with [CLOR99, OR00a] , and references therein.
Before we proceed to prove the theorem we will work on the following proposition. there is a neighborhood B(ǫ, H) of 0 in l * such that for any λ ∈ B(ǫ, H):
Proof (i) Given that the N (H)/H-action on (U ν• ) H is free, the momentum map J L H is a submersion and therefore its level sets are always submanifolds of (U ν• ) H , and consequently of U ν• . At the same time, the definiteness of the quadratic form Q implies that its level sets are compact submanifolds of U ν• . We will show the transversality of the level sets in the statement by showing that for any ǫ > 0, J 
v + tv. In one hand we have that for any ξ ∈ l:
by the definiteness hypotheses on Q, hence w / ∈ T v Q −1 (ǫ).
(ii) In the same fashion in which one proves that J
(ǫ) hence, by the Transversality Theorem (see for instance Corollary 3.5.13 in [AMR99] )
has a convergent subsequence. Indeed, since Q −1 (ǫ) is a compact subset of U ν• , there exists a subsequence {x n k } of {x n }, convergent in Q −1 (ǫ), that is x n k → l, with l ∈ Q −1 (ǫ). Since
, as required. Finally, the claim on the dimension is a consequence of the Transversality Theorem.
(iii) We proceed by contradiction: suppose that the point v ∈ (U ν• ) H is a relative equilibrium of the system with velocity ξ ∈ l. This implies that d Q| (Uν
The Lagrange Multipliers Theorem (taking ξ in Proposition 2.5 as the Lagrange multiplier) implies that
which represents a contradiction.
Proof of the theorem First of all notice that the momentum maps associated to the restriction of the S 1 -action generated by
with ξ ∈ l, as a l-parameter family of Hamiltonian functions on (U ν• ) H . Since for any ξ ∈ l this family satisfies that h ξ (0) = 0, dh ξ (0) = 0, and
H is non degenerate, we can construct a normal form equivalent system h ξ whose S 1 -relative equilibria give us the periodic orbits of h ξ . Due to the fact that the N (H)/H and S 1 -actions on (U ν• ) H commute and that J L H is quadratic, the normal form h ξ can be chosen so that
By Proposition 2.2, for any ǫ > 0 and λ ∈ B(ǫ, H) as in Proposition 3.8, we can conclude that the restriction of the function h| (Uν
critical points, where L λ denotes the coadjoint isotropy of λ ∈ l * in L := N (H)/H. Let v(ǫ, λ) be one of those critical points. The smoothness of the entire problem assures that the functions v(ǫ, λ) that describe the branches of those critical points when we vary the parameters ǫ and λ are smooth. We now use Proposition 2.5 to guarantee, for each critical point v(ǫ, λ) of those predicated by (3.4), the existence of a multiplier (Λ(ǫ, λ), c(ǫ, λ)) ∈ l × R such that:
H is an open submanifold of (U ν• ) H , we can rewrite the previous expression as
which implies that the point v(ǫ, λ) is a periodic point of X h Λ(ǫ,λ) . If we are able to show that Λ(ǫ, λ) can be made very small so that we can use the normal form theorem, all these periodic points will amount to periodic orbits of X h| (Uν
and, by Proposition 2.1, to RPOs of X h . We will prove this point by pairing both sides of (3.5) at the point v(ǫ, 0) with the vector w := D λ v(ǫ, 0) · λ taking into account that by the very construction of the function v(ǫ, λ), J L H (v(ǫ, λ)) = λ, for any ǫ ∈ R and any λ ∈ l * . Indeed,
Given that
we have that
Making ǫ → 0 in the previous equality and taking into account that the point v(0, 0) = 0 is a critical point of both h| (Uν • ) H and Q H we obtain that λ, Λ(0, 0) = 0 for any λ ∈ l * , therefore Λ(0, 0) = 0. This circumstance allows us to say that whenever ǫ and λ are close enough to zero the point v(ǫ, λ) is a relative periodic orbit of X h with Q-energy ǫ, L-momentum λ, and isotropy subgroup H. According to the requirements in the statement of the theorem we also need to show that its relative period is close to T ν• , which amounts to showing that the Lagrange multiplier c(ǫ, λ) → 1, when ǫ and λ tend to zero. We prove this point by pairing both sides of (3.5) with the vector u := D ǫ v(0, λ) · ǫ. In the following computation the parameter ǫ will denote (we reparametrize the function v(ǫ, λ) if necessary) the squared of the Q-energy, that is, Q H (v(ǫ, λ)) = ǫ 2 and, in particular d 2 Q H (0)(u, u) = 2ǫ 2 . We now have
Given that v(0, λ) = 0, for all λ ∈ l * , this identity is equivalent to
However,
hence using this equality and expression (3.3) we have that
or, equivalently 2ǫ 2 = c(0, λ)2ǫ 2 which guarantees that c(0, λ) = 1, as required. In order to conclude the proof of the theorem we just need to show that
The number 1 is guaranteed by the choice of λ that makes J
We will prove the second part of the inequality with the help of Proposition 2.3, taking in its statement J 
and therefore, Proposition 2.4 establishes the inequality (3.6), which concludes the proof of the theorem.
Relative periodic orbits around stable relative equilibria
In this section we will use the so called MGS normal form and the reconstruction equations in order to generalize the main result in the previous section to the search of RPOs around genuine relative equilibria.
The MGS normal form and the reconstruction equations
Since this topic has been already introduced already in many other papers we will just briefly sketch the results that we will need in our exposition, and will leave the reader interested in the details consult the original papers [Mar85, GS84] . For an exposition using a notation identical to the one in this paper the reader is encouraged to check with [O98, OR00, OR00a].
All along this section we will work with a G-Hamiltonian system (M, ω, h, G, J) , where G acts in a proper and globally Hamiltonian fashion on M . Let m be a point in M such that J(m) = µ and H := G m . We denote by g µ the Lie algebra of the stabilizer G µ of µ ∈ g * under the coadjoint action of G on g * . We now choose in ker T m J a H-invariant inner product, ·, · , always available by the compactness of H. Using this inner product we define the symplectic normal space V m at m ∈ M with respect to the inner product ·, · , as the orthogonal complement of
where the symbol ⊕ denotes orthogonal direct sum. It is easy to verify that (V m , ω(m)| Vm ) is a H-invariant symplectic vector space.
Recall that by the equivariance of J, the isotropy subgroup H of m is a subgroup of G µ and therefore h = Lie(H) ⊂ g µ . Using again the compactness of H, we construct an inner product ·, · on g, invariant under the restriction to H of the adjoint action of G on g. Relative to this inner product we can write the following orthogonal direct sum decompositions
for some subspaces q ⊂ g and m ⊂ g µ . The inner product also allows us to identify all these Lie algebras with their duals. In particular, we have the dual orthogonal direct sums g * = g * µ ⊕ q * and g * µ = h * ⊕ m * which allow us to consider g * µ as a subspace of g * and, similarly, h * and m * as subspaces of g * µ . The H-invariance of the inner product utilized to construct the splittings g µ = h ⊕ m and g * µ = h * ⊕ m * , implies that both m and m * are H-spaces using the restriction to them of the H-adjoint and coadjoint actions, respectively. 
can be endowed with a symplectic structure ω Yr with respect to which the left The MGS normal form provides a very useful set of tubular coordinates around any G-orbit of M that in what follows we will use to compute the equations that describe the dynamics induced by the Hamiltonian vector field corresponding to a G-invariant Hamiltonian. Let h ∈ C ∞ (Y ) G be a G-invariant Hamiltonian on Y . Our aim is to compute the differential equations that determine the G-equivariant Hamiltonian vector field X h ∈ X(Y ) associated to h and characterized by
Since the projection π :
is a surjective submersion, there are always local sections available that we can use to locally express
with X G , X m * and X Vm locally defined smooth maps on Y and having values in T G, T m * and T V m respectively. Thus, for any [g,
introduced in the previous section, the mapping X G can be written, for any [g, ρ, v] ∈ Y , as
with X h , X m , and X q , locally defined smooth maps on Y with values in h, m, and q respectively. There is no hope to completely determine the maps X h , X m , X q , X m * , and X Vm solely from (4.2) since this is an equation on the quotient. However, it is possible to gather enough information on X h , X m , X q , X m * , and X Vm such that X h is uniquely determined by the relation
Also, note that since
H can be understood as a H-invariant function that depends only on the m * and V m variables, that is,
This implies that dh([g, ρ, v]) · w can be written as
where
are the partial derivatives of h • π with respect to the m * and V m variables, respectively.
Using these ideas and the explicit expression of the symplectic form ω Y mentioned in Proposition 4.1 (see [O98, OR00] , and references therein) we can explicitly write down the differential equations that determine the components of X h :
where P h * , P m * , and P q * denote the projections from g * onto h * , m * , and q * , respectively, according to the Ad * H -invariant splitting
These expressions, introduced for the first time in [O98] , are called the reconstruction equations since the dynamical evolution in the symplectic slice V m (that is, equation (4.5)) has much to do with the dynamics in the reduced spaces [SL91, BL97, O98, OR00] hence, once this is known, the rest of the equations allow us to lift or reconstruct the dynamics in the entire space.
An entire paper [RWL99] has been devoted to give a particular solution of these equations in the presence of even time-reversing symmetries. In what follows we reproduce that solution (see [OR00] for a treatment consistent with our notation).
Indeed, we first note that since h ∈ C ∞ (Y r ) G is G-invariant, the corresponding Hamiltonian vector field is going to be G-equivariant, therefore it suffices to consider the preceeding equations at the point [e, ρ, v] which will give us the value of the vector field X h ([e, ρ, v]) and then, using the equivariance, we obtain X h ([g, ρ, v]) by writing
In order to present this solution we first implicitly define a function η : g µ × q → q * such that η(ξ, 0) = 0 for all ξ ∈ g µ and that for ρ ∈ m * , v ∈ V m small enough satisfies
an expression for the Hamiltonian vector field X h that satisfies the reconstruction equations is
The previous equations admit severe simplifications in the presence of various Lie algebraic hypotheses. See [RWL99] for an extensive study. For future reference we will note two particularly important cases:
• The Lie algebra g is Abelian: in that case X * m = X q = 0 at any point.
• The point µ ∈ g * is split [GLS96] , that is, the Lie algebra g µ of the coadjoint isotropy of µ admits a Ad Gµ -invariant inner product: in that case the mappings η and ψ are identically zero.
The main estimate
In this section we will prove the following result: 
Vm (ǫ) is non empty, there are at least
distinct relative periodic orbits of X h with energy ǫ, momentum µ ∈ g * , relative period close to T ν• , and isotropy subgroup K. If, additionally, one of the following hypotheses holds:
1. The Lie algebra g is Abelian.
2. The Lie algebra g µ is Abelian and µ is split.
Then, for any isotropy subgroup K ⊂ H of the H-action on U ν• and any ǫ close enough to zero, there is a neighborhood 
is the momentum map associated to the free and canonical N (K)/K-action on (U ν• ) K . The projections P h and P m are consistent with a given Ad H -invariant splitting g = h ⊕ m ⊕ q of the Lie algebra g.
Proof We first make sure that the Hessian in the statement of the theorem is well defined and that the hypotheses on it do not depend on the choice of symplectic normal space V m . As to the first point it suffices to show that the function h − J Pm ξ has a critical point at the point m: since ξ and P m ξ differ by an element in the Lie algebra of the isotropy of the point m and ξ is a velocity of the relative equilibrium m, so is the element P m ξ, hence d(h − J Pm ξ )(m) = 0 necessarily.
Regarding the independence of the hypotheses on the choice of symplectic normal space V m notice first of all that
, and w ∈ ker T m J. Indeed, if we take v = η M (m) with η ∈ g µ , then We now define the function h Vm ∈ C ∞ (V m ) H as h Vm (v) = h • π(0, v), for each v ∈ V meach energy level. Additionally, suppose that we are in any of the first two cases contemplated in the Lie algebraic hypotheses in the statement of the theorem, that is, either the Lie algebra g is Abelian or g µ is Abelian and µ is split. It is easy to see by looking at the reconstruction equation (4.13) that in any of those two cases X * m = 0 at any point and therefore if v ∈ V m is one of the H-RPOs of (V m , ω Vm , h Vm , H, J Vm ) predicted by (4.18), the point [e, 0, v] is necessarily a G-RPO of the original system, with G-momentum map µ + η ∈ g * and isotropy subgroup K. If we are under hypothesis 3, the fact that h = g µ implies that m * = 0 and therefore the argument that we just used can be applied to the points of the form [e, v] .
Finally, suppose that we are in the last situation, namely [P m ξ, m] • ∩ m * = 0. We define the mapping 
